We present a theoretical study of frequency correlations of light backscattered from a random scattering medium. This statistical quantity provides insight into the dynamics of multiple scattering processes accessible both, in theoretical and experimental investigations. For frequency correlations between field amplitudes, we derive a simple expression in terms of the path length distribution of the underlying backscattering processes. In a second step, we apply this relation to describe frequency correlations between intensities in the regime of weak disorder. Since, with increasing disorder strength, an unexplained breakdown of the angular structure of the frequency correlation function has recently been reported in experimental studies, we explore extensions of our model to the regime of stronger disorder. In particular, we show that closed scattering trajectories tend to suppress the angular dependence of the frequency correlation function.
I. INTRODUCTION
Correlations in frequency space have proven to be an important tool for analyzing the dynamics of multiple scattering processes of waves in disordered media. For fixed scattering particles, i.e., in a setup where the frequency dependence is not influenced by eventual movements of the scatterers [1] , the second order frequency correlation function of multiply scattered field amplitudes can be represented as the Fourier transform of the time-of-flight distribution [2] . This relation has been exploited, e.g., in early experimental investigations [2] [3] [4] [5] , studying intensity-intensity correlations of light or microwaves transmitted through random samples in dependence of the system parameters. In the same spirit, more recent experimental studies of intensity-intensity correlations in transmission demonstrated how these can be used to extract dynamical transport parameters like delay times [6, 7] or the diffusion constant [8] in transmission experiments through disordered media.
This picture of the immediate connection between frequency correlations and the path lengths of the scattering sequences becomes even richer when considering the case of reflection from a random medium where, due to different contributing scattering processes as compared to the transmission scenario, the path length distribution depends crucially on the backscattering angle ϑ. This fact manifests itself in the effect of coherent backscattering [9] [10] [11] [12] [13] , leading to a sharp angular cone of the backscattered intensity around the direction ϑ = 0 corresponding to exact backscattering. Consequently, this dependency of the path length distribution on the backscattering angle leads to a characteristic angular peak of the width of the frequency correlation function [14] . In a previous work on reflection from two-and three-dimensional * Corresponding author: thomas.wellens@physik.uni-freiburg.de random wave guides [15] , the narrow angular peak that results in the diffusive regime of weak disorder could not be resolved, due to the discrete scattering channel geometry. On the other hand, however, this work explicitly reports on effects of the transition between the localized and the diffusive regime on the delay time statistics. In particular, a significantly broader distribution of delay times is observed in the localized regime (i.e., for strong disorder) than in the diffusive regime (i.e., for weak disorder). In a related discussion concerning the physics of the localization transition, correlation properties of radiation reflected from random media, both, in angular [16] or frequency [17] space, recently have been observed to undergo drastic changes as the disorder becomes sufficiently strong. Being directly related to the dynamical features of the underlying scattering processes, frequency correlations are considered promising for obtaining a better understanding of the change of scattering mechanisms and propagation properties at (or close to) the Anderson localization transition. In that context, recent experimental results [14] indicate that the characteristic angular peak of the width of the frequency correlation function mentioned above displays a drastic breakdown in the regime of stronger disorder near the localization threshold. The fact that this effect has so far not been explained theoretically provides the main motivation for the present paper.
In this work, we focus on the case of reflection from a random scattering medium and present detailed theoretical studies of the intensity-intensity correlations in the frequency domain. This represents in two ways a completion and an extension of the previous works described above: On the one hand, we enrich the knowledge about frequency correlations in reflection as compared to the case of transmission by tracing back the properties observed in experiment to the nature of the contributing scattering processes for a backscattering geometry. In particular, we show that, for the case of a laser beam with large transverse width ρ (where arXiv:1501.07792v1 [physics.optics] 30 Jan 2015
denotes the mean free path) and for backscattering angles ϑ > 0, frequency correlations are also affected by propagation outside the scattering medium. We derive an analytic expression for this dependency, which allows to map the frequency correlation function between field amplitudes onto the path length distribution of multiple scattering trajectories within the scattering medium (and vice versa). Furthermore, by investigating the impact of varying the amount of disorder in the system, we discuss how frequency correlations might help to shed more light on possible changes occurring at the localization transition on the level of the underlying scattering mechanisms.
After building up the theoretical frame in Sec. II, we show in Sec. III how to describe frequency correlations between multiply scattered field amplitudes in the regime of weak disorder, thereby developing a simple relation between the frequency correlation function and the distribution of path lengths of the multi-scattering sequences contributing to reflection. In Sec. IV, we apply this relation to treat frequency correlations between field intensities in the regime of weak disorder, providing a theoretical interpretation for previous experimental results [14] in this regime. Finally, in Sec. V, in order to investigate the behaviour of frequency correlations near the localization transition, we explore several corrections to the weak disorder approximations applied in Sec. IV. Whereas corrections to the Gaussian C 1 -approximation are shown to be negligible in the case of our backscattering setup, we demonstrate that recurrent scattering trajectories [16] do indeed tend to suppress the angular peak of the frequency correlation function, as it has been observed in experiment [14] .
II. THEORETICAL FRAME
In order to describe the frequency correlations of light reflected from a disordered medium in terms of the underlying multiple random scattering processes, we work in the frame of the following model: The disorder is described by a random potential V (r) = δn(r)/ n describing relative fluctuations of the dielectric constant n with respect to its mean value n within the region of the scattering medium. The potential V (r) is modeled as a Gaussian random process, which is characterized by its mean value V (r) ≡ 0 and correlation function V (r)V (r ) . Here, and in the following, angular brackets denote disorder average over different realization of the disorder. In the regime where the wave length of the scattered wave λ is much larger than the correlation length of the disorder potential, the correlation function can be approximated by:
where we introduced the pre-factor u 2 characterizing the scattering strength of the disorder. In scalar approximation, a wave ω ψ(r) with wave number ω k = ω c propagating in the presence of the disorder potential satisfies the scalar Helmholtz equation
where ρ(r) denotes a given source distribution. Instead of treating a special solution for one particular realization of the disorder, we will be interested in average properties. First, we describe the average propagation between the points r and r in space, i.e., we consider the average Green function ω G(r − r ) := ω G V (r, r ) obtained by ensemble averaging the Green function ω G V (r, r ) associated to Eq. (2) for one special configuration V of the disorder. The average propagator can be written as [18] ω G(r, r ) = − 1 4π
which exhibits, compared to the vacuum case V ≡ 0, where the propagator is given by a spherical wave, additionally a term describing exponential damping. The damping constant is referred to as the scattering mean free path, which describes the average distance between two successive scattering events. With as the characteristic length scale of the disorder, we further introduce the disorder parameter k classifying the amount of disorder in the system by comparing the wavelength of the scattered wave to the scattering mean free path. Hence, the disorder is said to be weak for large values k 1 of the disorder parameter, whereas the strength of the disorder increases for decreasing values for k . For weak disorder, the mean free path turns out as = 4π/(k 4 u 2 ) [18] . Moreover, in this regime, scattering of the average wave intensity can be described by ladder and crossed diagrams (see Sec. III) which, in turn, are constructed from average Green functions, Eq. (3), and scattering events defined by the potential correlation function, Eq. (1), introduced above.
III. FREQUENCY CORRELATIONS BETWEEN FIELD AMPLITUDES
We aim at describing the statistical properties of light of two different frequencies ω and ω+Ω which is backscattered from a random scattering medium. For the sample, we choose a slab geometry of thickness L, within which the disorder is characterized by the scattering mean free path . The setup under consideration is sketched in Fig. 1 . In the following, we consider purely elastic scattering and we neglect the effects of absorption or internal reflections on the boundaries.
The first quantity we focus on is the field correlator
which can be seen as a generalized intensity composed of the two outgoing fields ω+Ω ψ out (ϑ) and ω ψ out (ϑ) which are scattered into the same direction parametrized by the scattering angle ϑ, but differ in frequency by Ω. To compute this quantity, we apply the following approximation, as it is commonly used in the treatment of disorder averaged intensity propagation in the case of weak disorder: We assume only those interference processes which lead to a minimum dephasing between the wave and its complex conjugate to yield non-negligible contributions on average. Minimal phase shift is achieved either if the wave and the complex conjugate visit the same scatterers in the same order (ladder propagation, L) or in reversed order (crossed propagation, C). The equivalence of ladder and crossed processes in media exhibiting timereversal symmetry for Ω = 0 leads to the famous coherent backscattering effect [9] [10] [11] [12] [13] . Within this approximation of minimal dephasing, the ladder and crossed scattering processes shown in Fig. 2 have to be taken into account in order to compute F ϑ (Ω):
where
ϑ (Ω) are constructed out of the following components: The incident field ω ψ in (r) of amplitude ψ 0 is described by a Gaussian beam of width ρ and wave vector ω k in = ω c e z perpendicular to the x-y plane as the surface of incidence:
where r ⊥ = x 2 + y 2 denotes the transversal component of the vector r = (x, y, z), i.e., its projection onto the plane of incidence.
The outgoing radiation is described in the far field (R r, where R refers to the position of the detector and r to a position within the scattering medium)
Scattering processes yielding minimal dephasing between the wave ω+Ω ψout at frequency ω + Ω (solid lines) and its complex conjugate ω ψ * out at frequency ω (dashed lines) as they are taken into account to compute the field correlation function F ϑ (Ω), see Eq. (4), within the approximation of weak disorder: Ladder (L) and crossed (C) process, where the same scatterers are visited in the same or in the reversed order, respectively. using Eq. (3) in Fraunhofer approximation [18] :
where we used R = Re out and ω k out = ω k e out = ω c (cos ϑ, 0, − sin ϑ) to parametrize the outgoing scattering direction. Hence, z/ cos ϑ gives the distance travelled by the field inside the medium from the point of the last scattering event to the boundary surface, cf. Fig. 2 . The wavy lines in Fig. 2 connecting the points r 1 and r 2 indicate the ladder (L) or crossed (C) propagation process of the average intensity between these two points, which we describe with the mixed frequency intensity propagators Ω P L (r 1 , r 2 ) and Ω P C (r 1 , r 2 ), respectively, where the superindex Ω indicates a frequency shift Ω between the two propagating fields. Using the following notion of a single-step propagator
to describe a single scattering step between points r 1 and r 2 in space in terms of the average Green function given in Eq. (3), the intensity propagator can be written in the following, self-consistent integral representation:
where the term u 2 δ(r 1 − r 2 ) represents single scattering. Remembering the symmetry of the Green function under exchange of the spatial arguments, ω G(r 1 , r 2 ) = ω G(r 2 , r 1 ), a single crossed scattering step, where one of the scattering paths is reversed compared to its ladder counterpart, is described by the same single-step propagator Ω P 0 (r 1 , r 2 ) as a ladder step. Hence, the crossed sequence yields an equivalent propagation process -except for the fact that single scattering is excluded from the crossed propagator:
Using the ingredients of Eqs. (6,7) and (9), we identify the diagrams of Fig. 2 to be described by the following formulae:
Inserting Eqs. (6,7) for the incoming and outgoing waves, we can explicitly write down the dependence on the frequency shift Ω and the scattering angle ϑ as follows:
where we introduced the enter/exit dephasing lengths (see below) for ladder and crossed diagrams:
In Eqs. (13, 14) , we recognize (apart from the constant term e iΩR/c ) two terms depending on the frequency shift Ω and thus giving rise to two different dephasing mechanisms:
(i) Propagation within the scattering medium (i.e., between the first and last scattering event), described by the terms Ω P L,C (r 1 , r 2 ). As evident from Eq. (8) accumulated by the propagator Ω P L,C (r 1 , r n ), where L(r 1 → r n ) = n−1 i=1 |r i − r i+1 | denotes the total path length of the scattering path from the initial scatterer at point r 1 to the final scatterer at r n (see also Appendix A).
(ii) Propagation outside the scattering medium (i.e., before the first and after the last scattering event), described by the terms e i Ω c λ L,C (r1,r2,ϑ) : These terms are defined by the positions r 1,2 (in particular their x-and z-coordinates x 1,2 and z 1,2 ) of the first and the last scattering event, respectively, according to Eqs. (15, 16) .
These considerations allow us to rewrite Eqs. (13, 14) in the following form:
(L, λ) denotes the joint distribution of the path length L and the enter/exit dephasing lengths λ for waves scattered into direction ϑ in the case Ω = 0 (see Appendix A). The latter can be obtained by a numerical Monte-Carlo simulation of a random walk within the scattering medium (see Appendix B).
Treating the dephasing lengths L and λ approximately as independent variables, which we may assume since λ L,C are dominated by the transversal coordinate x, whereas the total pathlength L exhibits translational invariance along the plane of incidence, allows us to factorize the joint distribution
into separate distributions for L and λ, respectively. The integral over the dephasing length λ of the enter/exit process can now be approximated analytically by the following steps: The transversal coordinates of the initial scatterer follow a Gaussian distribution of width ρ, whereas the longitudinal penetration depth is damped exponentially with damping factor , cf. Eq. (6). Since we assume ρ (which is in accordance with the experimental parameters in [14] and turns out to be a crucial condition to observe effects of crossed propagation processes as we expose in more detail in Sec. V), λ L and λ C , see Eqs. (15, 16) , are hence dominated by the transversal coordinate x. We thus approximate λ L λ C x sin ϑ, where x = r sin ϕ is expressed in polar coordinates, with uniformly distributed angle ϕ and Gaussian distributed radial coordinate, i.e., P t (r) = (
. The integral over λ in Eq. (17) thus gives rise to the following term:
where I 0 (x) denotes the zeroth modified (hyperbolic) Bessel function of first kind. Thereby, the total correlation function I ϑ (Ω), see Eq. (5), can be expressed in terms of the path length distributions A (L,C) ϑ (L) of ladder and crossed propagation sequences as follows: with large width ρ and backscattering angles ϑ > 0, also dephasing due to propagation outside the scattering medium must be taken into account through the factor h(Ω) in Eq. (20) .
Comparable experimental measurements of the path length distribution for transmission through a random scattering sample have been performed in [19] . As the authors point out, however, a measurement of the intensityintensity correlation function (see Sec. IV) -which is insensitive to the phase of the field correlation function F ϑ (Ω) -does not contain the full statistical information needed to directly recover the path length distribution without imposing additional assumptions on the latter. It is possible, though, to obtain the required phase information using third order intensity correlations [20] [21] [22] .
IV. FREQUENCY CORRELATIONS BETWEEN INTENSITIES
Since photodetectors are sensitive to the intensity of a light field, most experiments measure frequency correlations between intensities rather than between field amplitudes. In the following, we will consider the normalized quantity: where
In order to calculate Eq. (21), we apply the following two approximations valid for weakly disordered media: First, we apply the Gaussian approximation, assuming the scattered fields ω ψ out (ϑ) to follow Gaussian statistics. As a consequence, the four-field average in the numerator of Eq. (21) factorizes according to Wick's theorem and can be expressed in terms of two-field contractions:
where F ϑ (Ω) denotes the correlation function between field amplitudes, see Eq. (4). Here, we assumed Ω ω and thus ω+Ω I out (ϑ) ω I out (ϑ) = F ϑ (0) in the denominator of Eq. (21) . Second, we use, as in Sec. III, the approximation of minimal dephasing in order to express F ϑ (Ω) in terms of ladder and crossed diagrams, see Eqs. (5, 13, 14) .
We start by testing the validity of the approximate formula, Eq. (20) , derived in Sec. III. Fig. 3 confirms the very good agreement between Eq. (20) and the exact sum of ladder and crossed propagators given by Eqs. (5, 13, 14) for three different backscattering angles ϑ. Furthermore, Fig. 3 reveals that the frequency correlations C 1 ϑ (Ω) sensitively depend on the backscattering angle ϑ.
To further investigate this behaviour, we examine the width ∆Ω(ϑ) of the correlation function C ϑ (Ω), defined by C ϑ (∆Ω) = C ϑ (0)/2 as a function of the backscattering angle ϑ for three different values of the disorder parameter k , see Fig. 4 . In order to distinguish the influence of ladder and crossed diagrams, Fig. 4 shows the normalized width ∆Ω(ϑ)/∆Ω L (ϑ), where ∆Ω L (ϑ) is the width of the frequency correlation function if only ladder diagrams are taken into account. Whereas the latter is independent of k and exhibits a slight monotonic decrease as a function of ϑ (see inset), a clear peak of the normalized width observed in Fig. 4 arises due to crossed propagation processes. According to Eq. (20) , this behaviour can be interpreted in terms of the path length distributions A (L,C) ϑ (L): shorter paths lead to a broader frequency correlation function. In exact backscattering direction (ϑ = 0), the path lengths for ladder and crossed processes are identical -except for single scattering which, as mentioned above, contributes only to ladder processes. For this reason, the normalized width starts slightly below the value 1 at ϑ = 0. At larger backscattering angles, longer path lengths contribute less to coherent backscattering (see also Appendix A), and the width of the frequency correlation function correspondingly increases. At the same time, however, the total weight of crossed processes (integrated over all path lengths) decreases, such that the normalized width again approaches the value 1 for very large backscattering angles. In between, a maximum is found at ϑ 1 2k , which approximately corresponds to the angular width of the coherent backscattering cone [23] . The height of the peak slightly decreases for stronger disorder (i.e., lower values of k ). This can be traced back to the factor h(Ω) in Eq. (20) describing dephasing due to propagation outside the scattering medium (see Sec. III), which becomes more relevant for larger backscattering angles.
For weak disorder (i.e., k 15), the above results agree well with the experimental measurements [14] . For stronger disorder (k 5), however, a drastic breakdown of the height of the peak was observed in the experiment [14] , which is much more pronounced than the slight decrease predicted by Fig. 4 . We note that also the authors of [14] are able to reproduce their measurements in the regime of weak disorder by theoretical calculations comparable to ours. In contrast to [14] , however, our approach avoids additional approximations (such as, e.g., the diffusion approximation), and thus provides a more general and transparent theoretical interpretation.
V. CORRECTIONS TO THE FREQUENCY CORRELATIONS FOR STRONGER DISORDER
This discrepancy between the weak disorder description of frequency correlations and the experimental observations in stronger disordered media calls for a study of possible extensions of the weak disorder theory. In this section, we first discuss corrections to the Gaussian approximation, which we find to be negligible for the setup under study. In a second approach, we extend the approximation of minimal dephasing by taking into account further scattering scenarios beyond the ladder and the crossed processes.
A. Corrections to the Gaussian approximation
The factorization of the four-field average in the course of the Gaussian approximation described in Sec. IV implies the underlying intensity propagators to follow independent scattering sequences that do not share any common scattering points. Such crossings between the intensity propagators, for which an exemplary trajectory is sketched in Fig. 5 , will induce non-Gaussian correlations among the fields. We denote with C n ϑ (Ω) a contribution to the frequency correlation function as defined in Eq. (21) with exactly n − 1 points of crossing between the two mixed-frequency intensity propagators. We first consider the case n = 2 of a single crossing as follows: In the same spirit as Berkovits describing angular correlations in reflection [25] , we describe the crossing with a Hikami-box H = H A + H B + H C [24] as depicted in Fig. 5 and the propagation of the intensity using diffusive propagators. In this frame, it is possible to evaluate the maximum of the C 2 -contribution at zero frequency shift (Ω = 0) analytically [26] :
where S = πρ 2 denotes the surface of the Gaussian beam of width ρ. According to Eq. (23), C 2 ϑ is a second order term in an expansion of the frequency correlation function in 1/(k ). The crucial dependence, however, stems from the behaviour
The appearance of this factor can be explained as follows: if two photons enter the scattering medium at randomly chosen points within the transverse area S 2 of incidence, the probability of their crossing will be proportional to 1/S. The same reasoning applies to cases with more crossings (n > 2), which are of higher order in 1/(k ), but scale similarly with 1/S: Once a single crossing has occurred, the probability of further crossings will be independent ϑ z x y FIG. 6. Example of a recurrent scattering trajectory where the intensity propagates in a closed loop. We explore the consequences of these trajectories for the frequency correlation function as an extension of the weak disorder approximation of minimal dephasing, where only the contributions from ladder and crossed processes (see Fig. 2 ) are taken into account.
of S. As already mentioned in Sec. III, we assume ρ , since, in order to observe influences from crossed processes, for each scattering path a reversed counter path must exist. This is possible only if, both, the positions r 1 and r 2 of the first and of the last scattering event are covered by the laser beam, see also Eq. (29) . The condition ρ , however, together with S = πρ 2 proves contributions containing crossing points, i.e., all terms C n ϑ where n > 1, to be negligible as compared to C 1 ϑ (0) ≡ 1, see Eq. (22), for the systems under study. Therefore, the Gaussian approximation C ϑ ≈ C 1 ϑ remains a valid description of the frequency correlation function also in regime of stronger disorder.
B. Influence of closed loops
We now explore the consequences of additional scattering scenarios beyond the ladder and the crossed processes of Fig. 2 for the frequency correlation function. The nature of the underlying scattering processes when the strength of the disorder approaches the threshold of Anderson localization has attracted attention recently in the context of experimental results [16] : Changes in the behaviour of the angular correlations are reported as a consequence of so-called recurrent scattering trajectories, i.e., closed loop scattering scenarios where the initial and the final scatterer fall close to each other. Such a scattering process is sketched exemplarily in Fig. 6 . The authors report a significant enhancement of the contributions from recurrent scattering trajectories to the backscattering signal as the value of the disorder parameter approaches the localization threshold.
In our Monte-Carlo simulations (see Appendix B), we include a certain fraction of loop propagation processes into the scattering sequences in order to investigate their impact on the backscattering signal and the properties of the frequency correlation function. We account for the length of the scattering loop Λ to be distributed as 1/Λ 2 , as it was observed in experiment [16] , and the closed loops to exhibit angular properties like single scatter- ing events. The amount of contributions from closed loops as compared to the contributions from conventional multiple scattering events (ladder and crossed processes) in the backscattering signal is quantified by the parameter Γ = γ RS (ϑ = 0)/γ CM S (ϑ = 0) as the ratio of mean backscattered intensity stemming from recurrent scattering events (RS) and from conventional multiple scattering processes (CMS), respectively, in exact backscattering direction ϑ = 0. This principle is demonstrated in Fig. 7 , where we show the split-up between γ RS (ϑ) and γ CM S (ϑ) for different values of Γ. Here, the backscattered intensity ω I out (θ) is expressed as dimensionless quantity ('bistatic coefficient' [18] ) defined as γ(θ) = 4πR 2 /(πρ 2 I 0 ) ω I out (θ) with incident intensity I 0 = |ψ 0 | 2 . After thereby having quantified the amount of recurrent scattering, its impact on the frequency correlation function is shown in Fig. 8 , where we plot the normalized width of the frequency correlation function ∆Ω(ϑ)/∆Ω(0) for different values of Γ. We observe the peak height in the frequency broadening to decrease as the ratio of RS contributions in the backscattering signal increases. Since, as already discussed in Sec. IV, the peak can be traced back to the influence of crossed diagrams, this behaviour is consistent with the decreasing height of coherent backscattering cones observed in 7. Note that in the simulations behind Figs. 7 and 8, contributions from single scattering events are excluded from the backscattering signal to allow better comparability with experimental results [14] (see also Appendix B).
These results give first evidence that the inclusion of scattering trajectories beyond the ladder and crossed diagrams indeed leads to a significant breakdown of the peak in the width of the frequency correlation function as a function of the backscattering angle ϑ, in a similar way as it was observed experimentally [14] . In our approach, we account for the occurrence of recurrent scattering trajectories [16] on a phenomenological level, introducing them 'by hand' into our Monte-Carlo simulations. In future work, it will be interesting to verify or check these results in the light of a more rigorous, consistent microscopic treatment of multiple scattering in the regime of stronger disorder.
VI. CONCLUSION AND OUTLOOK
We theoretically investigated frequency correlations of light reflected from a random scattering medium. We established a direct relation between the frequency correlation function and the distribution of path lengths of multiple scattering sequences, which renders the path length distribution of the scattering sequences contributing in reflection directly accessible to experiment. Further, we extended these considerations to a description of intensity-intensity correlations in the regime of weak disorder where our model agrees with previous, experimental results [14] . For the regime of stronger disorder, in which the same experiments report an unexpected and unexplained behaviour of the frequency correlation function, we investigated several extensions to the weak disorder model, in order to explain the discrepancy between experiments and theory in this regime. In particular, our results indicate that closed, recurrent scattering trajectories alter the properties of the backscattering signal in a way which points towards the experimentally observed behaviour.
Therefore, future studies of the properties of the frequency correlation function in disordered media should focus on confirming the impact of recurrent scattering events and describing their influence in more detail. On the side of experimental investigations, it would be of great interest to combine the experiments presented in [14] and [16] , in order to obtain joint information about the width of the frequency correlation function and the amount of closed loop trajectories contributing at a certain value of the disorder strength. From a theoretical point of view, the starting point could be two-fold: On the one hand, we lack a rigorous theoretical derivation predicting the fraction Γ of closed loop trajectories as a function of the disorder parameter k . This might be achieved using self-consistent approaches to localization [27, 28] . On the other hand, the diagrammatic representation of the recurrent scattering trajectories themselves is not yet fully clarified. In particular, taking into account scattering sequences that return to a nearby scatterer (instead of exactly to the same scatterer, as we have assumed in the present paper) might lead to a different angular behaviour of the underlying path length distribution.
Starting from this point, the field is open for future investigations of the scattering dynamics close to the threshold of Anderson localization. The change of correlation properties in the angular [16] or frequency [17] domain have already proven to be a fruitful approach to obtain a better understanding of the underlying physical properties. Among these, frequency correlations appear especially promising due to their direct connection to dynamical properties and time scales. Therefore, future work on frequency correlations in random media will hopefully help to gain deeper and more profound insights about light transport and localization phenomena. scattering series formally obtained by iteration of Eq. (9):
where r 1 ≡ r i and r n ≡ r f in the second line. This allows us to write the propagator P L as an integral over an (unnormalized) path length distribution:
Inserting this into Eq. (13), the joint distribution of path and enter/exit dephasing lengths defined by Eq. (17) for the case of ladder propagation is obtained as follows:
The corresponding expression A C (L, λ) for crossed processes is obtained in the same way from Eq. (14) . Attention must be paid, however, to the fact that single scattering processes are missing in P L C (r i , r f ; L) as compared to the ladder case, i.e., P
Integration over the dephasing length λ yields the reduced path length distributions:
From the above expressions, we first observe that, for exact backscattering ϑ = 0 and large beam widths ρ → ∞, the expressions for A L (L) and A C (L) are identical (except for the single scattering contribution). For non-zero backscattering angles ϑ > 0, a non-vanishing complex phase factor is present in the crossed amplitude A C (L). Upon disorder average, this leads to the suppression of long light paths for the crossed processes with rising angle mentioned in Sec. III. In a similar way, crossed processes are also suppressed if the width ρ of the laser beam becomes smaller than the transverse distance |r
| between the first and the last scattering event in Eq. (29) , which is typically comparable to the mean free path .
Appendix B: Monte-Carlo simulations
In this appendix, we sketch the Monte-Carlo algorithm used for our simulations of the backscattered radiation. In the regime of weak disorder, where we apply the approximation of minimal dephasing described in Sec. III, we insert the representation of the propagator as given in Eq. (24) into Eqs. (13, 14) to obtain multi-dimensional integrals dr 1 . . . dr n over the positions of scattering events. These can be solved numerically by virtue of an iterative procedure in which each single propagation step is simulated by drawing random numbers from appropriate distributions determining first the initial penetration depth and subsequently the angular orientation and the length of each respective step [29] . Averaging over different realizations of the disorder is then achieved by repeating the algorithm numerous times. The number of iterations N for the simulations amounted to N = 10 7 for the data presented in Figs. 3 and 4 , N = 10 6 in Fig. 7 and N = 10 5 in Fig. 8 . At these numbers, the statistical error on the computed quantities was assured to be smaller than visible on the scale shown.
This scheme is extended to the regime of stronger disorder by further taking into account recurrent scattering (RS) trajectories. Implementing RS paths into the scattering sequences in a consistent and flux conserving way is achieved as follows: First, we define a weighting factor p as the probability that propagation occurs along a closed loop. Choosing different values for p corresponds to varying Γ in Figs. 7 and 8. In accordance with experiment [16] , the length of the loop is distributed as P RS (Λ) = 2 /Λ 2 for Λ ≥ 2 (and 0 otherwise, i.e., the minimal length of a loop is assumed as 2 ). Furthermore, the two fields (solid and dashed lines in Fig. 6 ) can complete the loop either in the same sense (clockwise or counter-clockwise) or in the opposite sense, giving rise to equally contributing ladder and crossed diagrams. In total, the recurrent scattering contribution thus results by modifying ladder and crossed propagators as follows: P L L (r i , r f ; L) = P L C (r i , r f ; L) = p 2 u 2 δ(r i −r f )P RS (Λ) and inserting these expressions into Eqs. (27) and (17) . At the same time, the conventional multiple scattering contributions are multiplied by the factor 1 − p. In order to ensure flux conservation [30] , the conventional ladder component is multiplied by an additional factor which we determine numerically by integrating the flux over all angles.
For comparison with experiments on light scattering, we furthermore account for the polarization degree of freedom as follows: single scattering is filtered out in the helicity conserving and linear non-conserving detection channel, whereas scattering processes of higher order are assumed to be equally split into the respective conserving or non-conserving channel (for linearly or circularly polarized light). Likewise, crossed propagation processes fully contribute to the helicity conserving or linear conserving channels, whereas they are filtered out in the respective orthogonal channels. Naturally, the condition of flux conservation must hold for the sum of two orthogonal channels. Under these premises, the results of Fig. 7 refer to the helicity conserving channel (where crossed processes contribute and single scattering is filtered out). Likewise, the data for ∆Ω(θ) in Fig. 8 also refers to the helicity conserving channel, whereas ∆Ω L (θ) (inset) is evaluated in the linear non-conserving channel (only ladder processes, single scattering filtered out).
